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(1) Fix a natural number n. Let f : IN → {0, 1, 2, . . . , (n−1)} be the function such that
i ≡ f(i)(mod n), in other words f(i) is the reminder when i is divided by n. Let
Gn be the smallest σ-field on IN which makes f measurable. What is the number of
elements in Gn?

[10]
(2) Let (Ω,F) be a measurable space. Suppose f, g are real valued Borel measurable

functions on (Ω,F). Show that f + g is measurable.
[15]

(3) Let (Ω,F , µ) be a measure space. For A1, A2, . . . in F , show that µ(
⋃∞

n=1 An) ≤∑∞
n=1 µ(An).

[15]
(4) Show that a probability distribution function on IR has at most countable number

of discontinuities.
[10]

(5) Let {Yn}n≥1 be a sequence of random variables converging in distribution to a
random variable Y as n → ∞. For n ≥ 1 take Zn = Y 2

n + 1
n . Show that {Zn}n≥0

converges to Y 2 in distribution as n →∞.
[15]

(6) Let R, S be independent random variables. Suppose R takes values in {−1, +1}
with P (R = −1) = P (R = 1) = 1

2 and S has Poisson distribution with parameter
λ > 0, that is, P (S = n) = e−λ λn

n! for n = 0, 1, 2, . . .). Compute characteristic
functions of R + S and R− S.

[15]
(7) State and prove weak law of large numbers for an i.i.d. sequence of random variables

with finite variance.
[20]

(8) (Bonus question ) Let U1, U2, . . . be a sequence of i.i.d. random variables with each
Ui having uniform distribution in the interval [3, 4]. Show that

P{ω : lim
n→∞Un(ω) exists } = 0.

[10]
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